Introduction
Zariski [8] initiated the construction of the moduli of plane curve singularities. Delorme [2] organized in a systematic way the ideas of Zariski, obtaining general results o the case of curves with one characteristic exponent in the generic case (see also [7] ). Greuel, Laudal and Pfister (see the bibliography of [3] ) stratified the space versal deformations of plane curves, constructing moduli spaces on each stratum. Arnold [1] initiated the study the simple curves on contact manifolds. Neto [6] showed that it is quite reasonable to define the equisingularity type of a germ of Legendrian curve as the topological type of its generic plane projection.
In this paper we initiate the study of the moduli of Legendrian curve singularities. We construct the moduli space of generic irreducible Legendrian singularities with equisingularity type equal to the topological type of the plane curve y n = x m , (n, m) = 1. Our method is based on the analysis of the action of the group of infinitesimal contact transformations on the set of Puiseux expansions of the germs of plane curves.
In section 2 we associate to each pair of positive integers n, m such that (n, m) = 1 a semigroup Γ(n, m). We show that the semigroup of a generic element of this equisingularity class equals Γ(n, m). In section 3 we classify the infinitesimal contact transformations on a contact threefold and study its action on the Puiseux expansion of a plane curve. In section 4 we discuss some simple examples of moduli of germs of Legendrian curves. In section 5 we show that the generic components of the moduli of germs of Legendrian curves with fixed equisingularity class are the points of a Zariski open subset of a weighted projective space.
Plane curves versus Legendrian curves
Let Λ be the germ at o of an irreducible space curve. A local parametrization ı : (C, 0) → (Λ, o) defines a morphism ı * from the local ring O Λ,o into its normalization C{t}. The semigroup of Λ equals the set Γ of the orders of the series that belong to the image of ı * . There is an integer k such that l ∈ Γ for all l k. The smallest integer k with this property is denoted by c and called the conductor of Γ.
Let C be the germ at the origin of a singular irreducible plane curve C parametrized by
with a m = 0 and (n, m) = 1. The pair (n, m) determines the topological type of C.
Let M be a complex manifold of dimension n. The cotangent bundle
∧n never vanishes on M . Hence dθ is a symplectic form on T * M . Given a system of local coordinates (x 1 , . . . , x n ) on an open set U of X, there are holomorphic functions ξ 1 , . . . , ξ n on π
Let X be a complex threefold. Let Ω k X denote the sheaf of differential forms of degree k on X. A local section of Ω 1 X is called a contact form if ω ∧ dω never vanishes. Let L be a subsheaf of the sheaf Ω 1 X . The sheaf L is called a contact structure on X if L is locally generated by a contact form. A pair (X, L), where L is a contact structure on X, is called a contact
x, y, ξ, η ∈ C, (ξ, η) = (0, 0)} be the projective cotangent bundle of C 2 . Let π : P * C 2 → C 2 be the canonical projection. Let U and V be the open sets of P * C 2 defined respectively by η = 0 and ξ = 0.
By the Darboux theorem every contact threefold is locally isomorphic to (U, O U (dy −pdx)). We call infinitesimal contact transformation to a germ of a contact transformation Φ : (U, 0) → (U, 0).
A curve Λ on a contact manifold (X, L) is called Legendrian if the restriction of ω to the regular part of Λ vanishes for each section ω of L. Let C = {f = 0} be a plane curve. Let Λ be the closure on P * C 2 of the graph of the Gauss map G : {a ∈ C : df (a) = 0} → P 1 defined by G(a) = df (a) . The set Λ is a Legendrian curve. We call Λ the conormal of the curve C. If C is irreducible and parametrized by (2.1) then Λ is parametrized by
Given a Legendrian curve Λ of P * C 2 such that Λ does not contain any fibre of π, π(Λ) is a plane curve. Moreover, Λ equals the conormal of π(Λ). Following [6] we say that two germs of Legendrian curves are equisingular if their images by generic Legendrian maps have the same topological type.
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Infinitesimal Contact Transformations
Let m be the maximal ideal of the ring C{x, y, p}. Let G denote the group of infinitesimal contact transformations Φ such that the derivative of Φ leaves invariant the tangent space at the origin of the curve {y = p = 0}. Let J be the group of infinitesimal contact transformations
Let P denote the group of paraboloidal contact transformations (see [5] )
The contact transformation (3.3) belongs to G if and only if c = 0. The paraboloidal contact transformation
Is called the Legendre transformation.
Hence it is enough to show that each element of G is a composition of elements of H and J . Let Φ ∈ G be the infinitesimal contact transformation (x, y, p) → (x , y , p ). There is ϕ ∈ C{x, y, p} such that ϕ(0) = 0 and -800 -Set β = y − y. It follows from (3.5) and (3.6) that (∂β/∂y)(0) = 0. Hence P −1 Φ ∈ J . Since Φ and P −1 Φ ∈ G, P ∈ G. Therefore p is the composition of an element of H and an element of J .
There are β, γ ∈ C{x, y, p} such that β − β 0 ∈ (p), γ ∈ m and α, β, γ define an infinitesimal contact transformation Φ α,β0 of type (3.1). The power series β and γ are uniquely determined by these conditions. Moreover, (3.1) belongs to J if and only if
Proof. -The map (3.1) is a contact transformation if and only if there is ϕ ∈ C{x, y, p} such that ϕ(0) = 0 and
The equation (3.9) is equivalent to the system
By (3.11) and (3.12), Proof.
-By (5.1) there is b ∈ C{x, y, p} such that ı
mod t w+1 for k 1. We show by induction in k that
There is an action of J into the set of germs of plane curves C such that the tangent cone to the conormal of C equals {y = p = 0}. Given Φ ∈ J we associate to C the image by πΦ of the conormal of C. Given integers n, m such that (m, n) = 1 and m 2n + 1, J acts on the series of type (2.1).
Given an infinitesimal contact transformation (3.1) there is s ∈ C{t} such that s n = t n + α and for each i 1 In this case the semigroup of a curve is an analytic invariant that classifies the contact equivalence classes of Legendrian curves. We will see that in the general case there are no discrete invariants that can classify the contact equivalence classes of Legendrian curves.
Examples
Given a plane curve 
The generic semigroup of an equisingularity class of irreducible Legendrian curves
We will associate to a pair (n, m) such that m 2n + 1 and (m, n) = 1 a semigroup Γ(n, m). Let k 1 , . . . , k r be the submonoid of (N, +) generated by k 1 , . . . , k r . Let c be the conductor of the semigroup of the plane curve -804 - 
Since ∂Y /∂µ = 0 and X∂P/∂µ = Y ,
where 
the induction step follows from (5.3). We will consider in the polynomial ring C[a m , . . . , a c−1 ] the order a α < a β if there is an integer q such that α q < β q and α i = β i for i q + 1. Set ω(P ) = sup{i : a i occurs in P }. Proof. -One can assume that q = 0. When we multiply the left-hand side of (5.2) by P the coefficients of Υ are shifted and multiplied by an invertible matrix. Hence one can assume that M = 0. Set Z = (Z j,k ), where
Let us show that 
when j = N . By 
The semigroup of the legendrian curve (2.2) only depends on (a m , . . . , a c−1 ). We will denote it by Γ (am,...,ac−1) .
Theorem 5.2. -There is a dense Zariski open subset
Proof. -Since U is defined by the non vanishing of several determinants, it is enough to show that U = ∅. Let j ∈ n, m − n , j m. Set q = (τ j ). 
the product of the leading monomials of D | µ=m and λ | µ=m is the leading monomial of D| µ=m .
-807 - Let X n,m denote the set of plane curves (2.1) such that (2.1) is in Legendrian normal form and the semigroup of the conormal of (2.1) equals Γ(n, m). Let W n be the group of n-roots of unity. There is an action of W n on X n,m that takes (2. Proof. -Let Λ be a germ of an irreducible Legendrian curve. There is a Legendrian map π such that π(Λ) has maximal contact with the curve {y = 0} and the tangent cone of the conormal of Λ equals {y = p = 0}. Moreover, we can assume that π(Λ) has a parametrization of type (2.1), with a m = 1. Assume that there is i ∈ Γ(m, n) such that i = m, s(m, n) and a i = 0. Let k be the smallest integer i verifying the previous condition. By lemmata 3.4 and 3.5 there are a ∈ C{x, y, p} and Φ ∈ J such that ı * a = a k t k + · · · and Φ takes (2.1) into the plane curve x = s n , y = y(s) − a(s) + δ, where v(δ) 2v(a) + m − 2n. Hence we can assume that a i = 0 if i ∈ Γ(m, n), i = m, s(m, n), and i is smaller then the conductor σ of the plane curve (2.1). There is a germ of diffeomorphism φ of the plane that takes the curve (2.1) into the curve x = t n , y = σ−1 i=m a i t i (cf. [8] ).
